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5 ■ 1 Introduction and main results 

In this article we propose a new method for the construction of Hamiltonian- 
minimal (H-minimal) and minimal Lagrangian immersions of some manifolds 
in C n and in CP n . By this method one can construct, in particular, immer- 
sions of such manifolds as the generalized Klein's bottle /C n , the multidimen- 
<N ■ sional torus, K, n ^xS\ S^xSK and others. In some cases these immersions 

■ are embeddings. For example, it is possible to embed the following manifolds: 

/C 2n+1 , S 2n+1 x S\ K? n+1 x S\ S 2n+1 xS x xS x . 
^ ! An immersion if) : L —> P of an n-dimensional manifold L in a symplectic 

2n-dimensional manifold P with a symplectic form u is called Lagrangian, if 



mu) = o. 



In the sequel let P be a Kahler manifold with a symplectic form uo = 
— Imds 2 , where ds 2 is a Hermitian metric on P. 

A Lagrangian immersion if) is called if -minimal if the variations of volume 
if)(L) along all Hamiltonian fields with compact supports vanish: 

& . 

|vol(^(L))| t=0 = 0, (1) 

where if>o(L) = if>(L),if)t(L) is a deformation if>(L) along a Hamiltonian field 
W, i.e. such a field that the one-form uj w {ifj*{^)) = if)*u)(W, £) is exact on L, 
and vol(^ t (L)) is the volume of the deformed part of if)t{L). 

As an example of Hamiltonian deformations we can consider deformations 
of a unit circle in a unit sphere S 2 when S 2 is laid out on two parts of equal 
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area in each moment of time. We recall that an immersion is called minimal 
if the variations of volume i]){L) along all fields vanish. 

Let M be a /c-dimensional manifold given in R n by a system of equations 

eiju\ + ... + e nj u 2 n = dj, j = 1, . . . , n - k, (2) 

where dj G R, G Z. 

Since dimM = k, we can assume that equations (2) are linearly indepen- 
dent and the integer vectors tj = (e^i, . . . , ej( n -k)) G Z n ~ k ,j = 1, . . . , n form 
a lattice A in R n ~ fc of maximum rank. Let's denote by A* a dual lattice to 
A, i.e., 

A* = {A* G R n - fc |(A*, A) G Z, A G A}. 
By T we denote the following factor group 

T = A*/2A*. 

The following isomorphism takes place 

r = z£ _fc . 

By T n ~ k we denote the (n — /c)-dimensional torus 

where y = (yi, . . . , y n -k) G R n_fe and (e,-, y) = e^iyi + . . . + e j{n _ k) y n - k . 
We define an action of group T on the manifold M x T n ~ k . For 7 G T let 

7(«i, . . . , Un, y) = (ui cos vr(ei, 7), . . . , u n cos vr(e n , 7), y + 7). 

Note that cos7r(ej, 7) = ±1. We introduce a map 

up : M x T n ~ k -> C n , 

¥>(ui, • • • , «n, y) = Ke 7 ^, . . . , ii/ i(e "' j) ). 

Let denote by e a vector e± + . . . + e n . We assume C n is endowed by the 
Euclidian metric and the symplectic form 

uj = dxi A dyi + . . . + dx n A dy n . 

The following theorem is valid: 
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Theorem 1 Group V acts on M x T n k freely. Map tp gives an immersion 

V>i : Mi = M x T n " fc /r -> C n . 

Immersion is Lagrangian H -minimal. If e = 0, then ipi is a La- 
grangian minimal immersion. 

Below we will show that is a bijective map between everywhere open 
dense subsets in M\ and ■0i(Mi) which are determined by inequalities Uj ^ 
0,j = 1, ... ,n. Thus, selfintersections of ^(Ml) can appear only at points 
for which Uj = for some j. 

For Mi to be closed it is sufficient, for example, to require that one of 
equations (2) gives an ellipsoid. The condition e = does not allow Mi to 
be closed. 

The notion of if -minimality was introduced by Oh [1]. He also proved 
that the torus 

S 1 (ri)x...xS 1 (m)cC n 1 

where S 1 ^) is a circle of radius rj is an if -minimal Lagrangian submani- 
fold in C n . Other examples of if -minimal Lagrangian tori in C 2 have been 
constructed by Castro and Urbano [2] and Helein and Romon [3]. In [4] Helein 
and Romon constructed an immersed (with selfintersection) if -minimal Lagran- 
gian Klein's bottle in C 2 . As was shown by Nemirovski [5], there exist no 
Lagrangian Klein's bottles embedded in C 2 . 

Let's note that in C n there exist no closed minimal submanifolds. 

We also note that Oh's example follows from the fact that the circle 
S' 1 (r) in C is an if -minimal Lagrangian submanifold, and from the following 
lemma. 

Lemma 1 Let P = P± x P 2 and uj = 7r*ui + where (Pi,u>i) is Kahler 

manifold and Hi : P — > Pi is a proejection, i = 1,2. Let Li C Pi be a 
H -minimal Lagrangian submanifold, i — 1,2. Then the submanifold L = 
L i x L 2 C P is H -minimal Lagrangian. 

Lemma 1 is also valid for immersions. 

Let's consider the case of M being a cone, i.e. dj = in equation (2). 
Then to this cone there corresponds an immersion vp2 into the complex pro- 
jective space CP n_1 of a (n — l)-dimensional manifold M 2 which results from 
factorization of manifold (M - {0}) x T n - k /T by action of M* 

Mui, ...,u n ,y) = ( Ul e™^ u n e m(e "^). 
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We suppose that CP n 1 is endowed by the Fubini - Studi metric and as a 
symplectic form we consider the Kahler form Q of this metric. 

Theorem 2 Map 1^2 is an H -minimal Lagrangian immersion. 
If e = 0, then ip2 is a minimal Lagrangian immersion. 

It is now evident how to construct the closed manifold M 2 . For this it is 
sufficient, for example, that in any of the equations (2) all but one coefficient 
be positive. 

Helein and Romon established a correspondence between if -minimal La- 
grangian cones in C 3 and if -minimal Lagrangian surfaces in CP 2 , but did not 
propose explicit examples [6]. Castro and Urbano in [7] constructed examples 
of Lagrangian minimal tori in CP 2 . 

From Lemma 1 follows, that, using examples of if-minimal Lagrangian 
immersions in C n and CP n , one can construct if-minimal Lagrangian immer- 
sions in C n x CP ni x ... x CP n K 

Lemma 1 is proven in paragraph 2, Theorems 1 and 2 are proven in 
paragraphs 3 and 4. We will give some examples for Theorems 1 and 2 at 
the end of paragraphs 3 and 4, respectively. 

The author thank Ya. V. Bazaikin and I. A. Taimanov for valuable con- 
versations. 

2 Proof of Lemma 1 

Let H denote a vector field of mean curvature along L. Oh proved the fol- 
lowing assertion: 

A Lagrangian submanifold L C P is H -minimal if and only if 



where S is the Hodge dual operator to d. 

Actually, by formula of volume variation along field W we have 



where L t is the deformation of L along field W. For every function / on L 
we can select a hamiltonian field W such that uiw = df, consequently, this 
assertion follows from the arbitrariness of / (for details see [1]). 



5u H = 0, 



d 
di 
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Proof of Lemma 1. L is Lagrangian because 

uj(V, V) = cuiirlV! + tt*V 2 , tx\V[ + tt*V^) = 

n* 1 u 1 (y 1 ,V{)+<U2(V 2 ,Vl) = 0, 

where V and V are vectors tangent to L, Vi and V- are uniquely defined 
vectors to Lj such that V and V decompose into the sum of their lifting on 

L, V — 7T*\/i + TT*V 2 , V = H\V[ + 7T*y 2 '. 

We show that for* a = 7r*<5a:, where <5 = — * d*, * is Hodge's star, a is a 
one-form on P\. Let (x) = (x±, . . . ,x n ) be coordinates in the neighbourhood 
of pi G Pi, and let (y) — (yi, ■ ■ ■ , yu) be coordinates in the neighbourhood of 
p 2 € P 2 . Because S and 7r* are linear it is sufficient to consider the case of 
a = f(x)dxi. Operator * on Pi has the form 

dx\ 1 , , 1 , , 

* — — = — -— Gte 2 A ... A dx n , * — — — — dx 1 A ... A dx n = 1, 
^i(x) # 2 (z) tfiWW) 

where <7i(a;) and g 2 (x) are the norms of the forms dx\ and dx 2 A ... A cix n . 
Analogically, star * on P has the form 

dxi 1 , , , , 

* — — = — dx 2 A ... A dx n A dyi A ... A 

3iW 92{x)g{y) 

dx\ A ... A <ir n A dyi A ... A dyt = 1, 



gi(x)g 2 (x)g(y) 
where is the norm of form dyi A ... A dy^. Then 

■K*8ot = — 7T* * d * a = — 7T* * d ( — - cfa^ A ... A dx r 



92(x) 

V V 92\x) ) ) \ g 2 {x) ) 

On the other hand 

(f (^x J (^i (x) 
— cfcc2 A ... A c&r n A dyi A ... A dy k 

92{x)g{y) 

( \ ( f(x)gi(x)\ , , 

= ~* \ 9 Xl [ — / \ / \ )dx 1 A . . . A dx n A dy x A . . . A dy k 
V \92{x)g(y)J 



= -dxi r^T~ 9\{x)g 2 {x). 

V 92{X) J 

Analogically one can show that bv:\a = n^Sa. We note that by the definition 
of mean curvature it is not difficult to obtain equality H = ix\Hi + ~k\B-2-, 
where Hi is a vector field of mean curvature along Lj. Then if -minimality 
of L follows from equalities 

= nl5u 1Hl + -k* 2 5uj 2 h 2 = 0. 
Thus, Lemma 1 is proven. 

3 Immersions in C n (Theorem 1) 

There is a criterion of if -minimality in terms of the Lagrangian angle — a 
function defined on L: 

An immersion ip of manifold L is H -minimal if and only if the Lagrangian 
angle is a harmonic function on L. 

We recall the Wolfson construction [8] of building a Lagrangian angle. 
We choose an orientation on L. Let K be a canonical linear bundle over P 
with the connection V, induced by the Levi-Chivita connection. Sections of 
K are holomorphic n-forms on P. We suppose that there exists some section 
a of bundle ip*K parallel on L in induced connection, i.e. ip*Vcr = 0. Let the 
norm of a in each point be equal to 1. In each point x G L we choose an 
orthonormal tangent frame £ concordant with the orientation of L. Then we 
obtain some function (5{x) on L, defined by equality 

(7(0 = e*(*>. 

Function (3 is called Lagrangian angle on L. The value of (3 is independent 
of the choice of £. For another choice of a function (3 can change only by a 
constant, consequently, the one-form d(3 is correctly defined on L (for details 
see [8]). In the general case function (3{x) is multivalued. By moving on a cycle 
(3{x) can change its value by 2k, k G Z. Wolfson [8] showed that d(3 = ujh- 
Consequently, immersion ifj is if-minimal if and only if the Lagrangian angle 
is a harmonic function on L, i.e. A/3 = 8d(3 = 0. 
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With the help of the Lagrangian angle one can calculate the vector of 
mean curvature oiijj(L). From the lagrangianality of ip and equalities 

(J P H, V) P = oj(H, V) = dPW(V)) = (^(grad/3), V) P , 

where (., .) P is a Riemannian metric on P, Jp is a complex structure on P, 
V is a tangent vector to tp(L), we obtain 

H = -JpV>* (grad/3) (3) 

(in points of selfintersection of ip(L) there arise some vectors H). 

For Lagrangian immersions in C n , the Lagrangian angle can be calculated 
by means of form 

dz\ A ... A dz n , 
since it is parallel on C n , and, consequently, 

i/j*V(ijj*(dzi A ... A dz n )) =0. 

The following lemma is necessary. 

Let there be given a block diagonal metric of the form 

k n—k 

ds 2 = ^ gij(x)dxidxj + ^2 9ij( x ) d yidyji ( 4 ) 

i,j=l i,j=l 

where (x) = (x u . . . , x k ) and (y) = (y u . . . ,y n - k ). 

Lemma 2 If function a is linear on y: 

a = aiyx + . . . + a n - k y n -k, dj e K, 

then it is harmonic in metric ds 2 . 

Proof. We denote detpy, det^y and the components of the matrices 
{gijY 1 and (gij)' 1 by g,g,g v and g v , respectively. Then 



gg k i \ gg 

Lemma 2 is proven. 
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By 

n+l 

< f , V >= = & *>) - iuJ (^ V) 

i=l 

we denote the Hermitian product o£ vectors £ and rj in C n . 

Proof of Theorem 1. Let F = . . . , f n (x)) be a map on M, 

where x G U k C R fc . We consider a map on ipi(Mi) 

F = (/i^e^ 61 '^, . . . , f n (x)e m{e "' y) ) : U k x ^ n ~ fc -> Vi(M) C C n , 

where y G \/ n_fe C R n ~ fc . From equality (2) we obtain 

(d y .F, d Xs F) = nieijfidxj! + ... + me nj f n d x J n = 0, (5) 

consequently, the induced metric on M 1 in local coordinates has the form 
(4). Further, from (5), (d Xs F,d Xj F) G R and (d ys F, d Vj F) G R we obtain 
equalities 

u(d v .F, d x F) = cu(d yj F, d y F) = u(d x F, d Xj F) = 0, 

which means that the embedding ipi is Lagrangian. 

If manifold M is smooth, then the vectors dxjF(x) are linearly indepen- 
dent, because 

< dxjF(x),dx k F(x) >= (dxjF(x),dx k F(x)). 

Normal vectors to the hypersurfaces given by equations (2) have the form 

Tlj {G\jU\ ) . . . , e n jU n ^) . 

If point (u±, . . . , u n ) G M is smooth, then rij are linearly independent, conse- 
quently, the matrix consisting of components of vectors rij has rank n — k. By 
multiplying the k-th column by irie m ^ ek ' y ^ its rank (over R) does not change. 
Therefore the vectors 

d yj F = (TneyAe™^), . . . , nie nj f n e^ e ^) 

are linearly independent. From (5) follows that map F is smooth of maximal 
rank. 

From (5) also follows that in tangent space of each point one can choose 
an orthonormal basis of form 

Pj = (P 3 i(x)e m{ei ' y \ ■ ■ ■ ,P jn (x)e^ e ^),j — l,...,k, 
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q s = {mq sl {x)e^y\ . . . , mq sn (x)e^ e ^), s — l,...,n — k. 

On M 1 one can choose an orientation such that the Lagrangian angle has the 
form 

P = -i\og(d Zl A ... A dz n (p,q)) = -i\ogi n - k e l{ei+ - +e "' y \ 

where (p, q) is a matrix (up to interchanging two lines) consisting of compo- 
nents of vectors Pj and q s . From Lemma 2 follows A(3 = 0, which proves the 
iJ-minimality of ipi. If e = 0, then (5 = const and from formula (3) follows 
the minimality of 

By definition of T follows that if 7 G T, 7 7^ 0, then there is a vector ej 
such that (7, ej) is an odd number. Indeed, if (7, e s ) G 2Z for all s, then by 
definition § G A*, therefore 7 G 2A*. Consequently, e ni ^' y+ ^ = -e™^^, 
and thus the action of group T on M x T n ~ k is free. 

We show that selfintersections of ipi(Mi) can arise only in points for 
which Uj = for some j. Suppose that 

ip(u u ...,Un,y) = (p(u[, y') 

and Uj 7^ 0. Then 

|«i| = |ui|, . . . , \u n \ = \u' n \, 



e 



7ri(ei ,{/-{/') _ _|_^ e ni(e„,y-y') _ _|_-^ 



i.e. 



(ei, 2/ - y') G Z, . . . , (e n , y - y') G Z, 
consequently, 7 = y — y' G T, 

Ul = M / 1 cos7r(e 1 ,7), ...,«„ = cosvr(e„, 7), 

7(ui, . . . , <, y') = («i, ...,u n ,y). 

Thus ^1 is an immersion of manifold Mi in C n . Theorem 1 is proven. 
Example 1. Let M be an ellipse 

Ui + 2u\ = 1. 

In this case 

A = Z, A* = z, r = z 2 . 

The non-zero element 7 from T acts on M x S 1 in the following way: 

7(«i,«2,g) = (-«i,ti2,-g)- 
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Up to a homeomorphism we can suppose that M is a unit circle in C 1 , then 
7 acts on torus T = S* 1 x S* 1 in the following way 

7(91,92) = (91,-02). 
We consider a universal covering of torus T by plane M 2 

An action Z 2 on T induces an action Z 2 on IR 2 , point (x,y) moves by action 
of the non-zero element in (— x, y + \). Thus manifold T/Z 2 is homeomorphic 
to M 2 /{Z© Z © Z 2 }. The rectangle with the vertices A(0, 0), B(0, §), C(l, 0), 
D(l,l) serves as a fundamental domain of action of group Z © Z © Z 2 on 
IR 2 . Thereby vector AB must be identified with CD, and vector AC — with 
BD, but with a change of orientation. Consequently, M x S 1 /T is Klein's 
bottle /C. By mapping 99 circles {(0, ^75, y)} and {(0, ~^,y + |)} of /C are 
indentical. 

Example 2. We consider a more general situation. Let M be a (n — 1)- 
dimensional ellipsoid 

m^i + . . . + m n u 2 n = 1, 

where to, are natural numbers. The non-zero element 7 G T = Z 2 acts on 
M x S 1 in the following way: 

7(«,g) = (r(«),-g), 

where r : M — * M is some involution. We cut S 11 in two halves. Up to 
a homeomorphism we can suppose that one of these parts is the interval 
[0, 1]. Then M x S 1 /T is obtained from a cylinder M x [0, 1] by identification 
of points on the boundary, namely, the point of the form (u, 0) must be 
identified with (r(u), 1). If r preserves the orientation of M, then M x S' 1 /r 
is diffeomorphic to S" 1-1 x S 1 , and if it does not, then M x S' 1 /r is the 
generalized Klein's bottle JC n . For example, in the case when M is a sphere, 
the involution r identifies point u with —u. If the sphere is evendimensional, 
then r does not preserve its orientation, but if the sphere is odddimensional, 
then r does preserve its orientation. Thereby map ip induces the embedding 
of manifold M x S 1 /T. 

Example 3. Let M be an intersection of sphere 

u\ + . . . + u 2 n = 1 
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and cone 



u\ + . . . + u\_ x = u 2 n , 



M is a unification of two non-intersecting spheres (u n > and u n < 0). In 
this case 

A = eiZ © e 3 Z, d = (1, 1), e 3 = (1, -1), 

A* = 7l z© 72 z, 7l = Q,0, 72 = Q,-0, r = z 2 ©z 2 . 

The elements 71 and 7 2 act on M x T 2 in the following way 

7 l (lii, . . . , U n , y) = (lii COS7T, . . . , M n _i COS 7T, u n cos 0, y + 71) 

= (-Mi, . . . , -u n _i, M n , y + 71) , 
7 2 («i, . . . , u„, j/) = (tti, . . . , «„_i, -u„, y + 72) • 

The element 7 2 glues two non-intersecting components M x T 2 (u n > and 
w n < 0). Up to a homeomorphism one can suppose that the component of 
connectedness M x T 2 is S" 1-2 x 5" x S 1 , then an action Z 2 on it looks the 
following way 

7(9i, 92, fe) = -52,5a)- 

Consequently, M x T 2 /r is diffeomorphic to /C n_1 x S* 1 if n is an even number 
and S n ~ 2 x S 1 x S 1 if n is an odd number (see example 2). We prove that 
■01 (Mi) has no selfintersections. We suppose that 

y?(wi, ...,u n ,y) = ip(u[, . . . , <, y'). 

It is clear that u n 7^ and at least one of the components u±, . . . , M n _i is 
non-zero. Let itj 7^ 0. Then 

e m(ej,y-y') __)_]_ e ^i{en,y-y') = ±\ 

i.e. 

(ej, y - y') e Z, (e n , y-y')e Z, 
Since ei = . . . = e n _i, then 7 = y — y' e T, 

Mi = Mi cos 7r(ei , 7) , . . . , m„ = u' n cos 7r(e n , 7) . 

Consequently, 

7(«'u • • • » «n> J/') = (wi,...,M„,y). 
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Example 4. Let M be an intersection of ellipsoid 

u\ + 2ul + u\ = l 

and cone 

u\ + 2«2 = u\. 

As in the previous example an action r on M x T 2 is reduced to an action 
Z 2 on torus S 1 x S 1 x S 1 C C 3 

7(?1»«2»?3) = (9l,-«i2,93)- 

Consequently, M x T 2 /r is diffeomorphic to /C x 5 1 . 

4 Immersions in CP n (Theorem 2) 

Proof of Theorem 2. We consider the Hopf bundle 

h : S 2 " -1 -> CP"" 1 . 

We suppose that S* 2 ™ -1 is a unit sphere in C n . /i maps every circle S 1 C S* 2 ™- 1 
given by an intersection of S 2n ~ l with the complex line I C C n , 6 I into a 
point of the projective space corresponding to /. 

Let L be a simple connected (n — l)-dimensional submanifold in S 2 " 1 ^ 1 
such that for any point p G L the linear hull of radius-vector p and the 
tangent space to Lip. point p is a Lagrangian n-dimensional space in C n . We 
shall suppose that L is a sufficiently small neigbourhood of point p. By L we 
denote /i(L) C CP n ~ 1 . 

Lemma 3 Submanifold L C CP n_1 «5 Lagrangian. Map h : L ^ L is an 
isometry. 

PROOF. In every point p G L we choose a tangent basis . . . , £ n -i to 
L. Then by condition of Lemma 3 we have equalities 

= (tk,ip) = (£k,p) = 0. 

Consequently, every vector ^ is orthogonal to circle C S' 2n_1 , which is an 
intersection of 5' 2n_1 and a complex line passing through p. Thus the tangent 
space to L in point p is orthogonal to a fiber of the Hopf bundle including p, 
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i.e. manifold L is a horizontal manifold by Hopf mapping h. Consequently, 
since h is a Riemannian submersion, h\i is an isometry. Equality 



holds, which means that L is a Lagrangian submanifold in CP™ -1 . Lemma 3 
is proven. 

We define a (n — l)-form a on L. For any tangent vectors rji, . . . ,r) n -i 
to L in point h(p), where p G L there exist uniquely defined tangent vectors 
£1, . . . , £„_i to L in point p such that = 77^. We suppose 

a(rj 1: . . . ,?7 n _i) = <t(/i*(^i), . . . A(£n-i)) = dz 1 A...A dz n (£ 1: . . . ,f„_i,p). 

We show that with the help of a one can calculate the Lagrangian angle /3i on 
L. For this it is necessary to show that V|l<7 = 0, where V is a connection in a 
canonical bundle over CP" -1 , concordant with the Levi-Chivita connection. 
Analogically one can define a on the tangent vectors rji, ... , f] n -i in points of 
L to CP™ -1 . For this it is necessary to take their horizontal lifting £1, . . . , £ n _i 



Lemma 4 Form a is parallel on L for connection V|l . 

Proof. In order to prove parallelism of a it is sufficient to consider an 
arbitrary smooth path s(t) in L, to consider an arbitrary parallel tangent 
frame rj(t) = (r)i(t), . . . ,r) n -i(t)) to CP™ -1 along s and to show that a(r)(t)) 
is not dependent on parameter t. Let s C L be a horizontal lifting of s and 
• • • , £ n -i(£)) be a horizontal lifting of frame rj(t) by /i. For a Levi- 
Chivita connection D on S* 2 ™ -1 and vector fields X and F we have 



where HD X Y and VP^F are horizontal and vertical components, respective- 
ly. Moreover, h*(HD X Y) = D h ^ X )K{Y), where D is a Levi-Chivita connec- 
tion on CP n_1 . Consequently, since field r]i(t) is parallel along s and 
is its horizontal lifting, field % has the form fi(t)s(t), where is some 
complex-valued function, since the projection of vector ^ on S* 2 ™ -1 must not 
have a horizontal component. The following equality holds: 



on L. 



£> x r = ^p x r + vPxF, 



/ 



cm \ 



cx (77(f)) = det 



e n -i(t) 

V ^(0 



S»(f) / 
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where (£},■■■, £") are complex coordinates of vectors £j, • • • , s n (t)) are 

complex coordinates of s. Then 



a(r)(t)) = det 



+ ...+ 



det 



V 



det 



V 



£-l(t) 

1^(0 



o. 



minants are equal to by virtue of linear dependency of 



s\t) 

The first n — 1 deter 
vectors and s. Vectors 771, . . . ,^ n -i) are (complex) linearly dependent, 
consequently, their horizontal liftings £1, . . . , £ n -i, % are also linearly depen- 
dent, therefore the last determinant is equal to zero, as well. Lemma 4 is 
proven. 

Let p be some intersection point of cone ipi(Mi) C C n and sphere S* 2 ™" 1 . 
By m we denote one of the points in the inverse image ipi 1 (p) (if p is a 
selfintersection point of ipi(Mi), then there are several). By V we denote some 
small neighbourhood of m and by L the intersection ipi(V)nS 2n ~ 1 . By Lemma 
3 submanifold h(L) C CP™ -1 is Lagrangian. Consequently, immersion ip 2 is 
also Lagrangian, because ip 2 (M 2 ) can be covered by neighbourhoods of type 
h(L). By construction of form a we have 

P(p) = (h(h(p)) 

(for simplicity we will identify V and and also small neighbourhoods 

in M 2 with their images by ip 2 ). 

By choosing map F in the proof of Theorem 1 one can suppose that one 
of the coordinates, say, xi, is a coordinate along straight lines that generate 
a cone, and x 2 ,...,Xk are coordinates on ^f 1 (L). Then the metric on L, 
and, as follows from Lemma 3, on L, in the neighbourhood of point h(p) 
has the form (4), where x = (x 2 , ■ ■ ■ ,Xk) and the summation on coordinate 
X\ are skipped. By Lemma 2 function (3\ is harmonic on M 2 , which proves 
the if -minimality of ip 2 . From formula (3) follows the remaining part of the 
theorem. Theorem 2 is proven. 
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Example 5. Let k — 1, dj — in (2). Then ?/> 2 (M 2 ) is a (n — l)-dimensional 
Clifford torus in CP n_1 

^ 2 (M 2 ) = {(^e 7 ^ 61 '^ : . . . : ^e™^)} C CP n_1 . 

Example 6. Let M be a cone 

u\ + 2w 2 = 3-Ug. 

Then 

A = Z, A* = z, r = z 2 . 

The non-zero element from V maps point (1*1,1x2,^3,9) GMxS 1 into point 
(—1x1, ix 2 , — U3, —q). Consequently, i/> 2 is a minimal immersion of Klein's bottle 
(see example 1). 

Example 7. Let M be given by equation 

miu\ + . . . + m„_iw 2 -i = m n ul, 

where rrij are natural numbers. In this case the topological type of M 2 will 
be the same as in example 2. If m 1 + ... + m n _i = m n , then immersion ip2 is 
minimal. If m\ = . . . = m n _i, then immersion t/> 2 is an embedding. 

It is not difficult to construct examples in CP n analogically to those in 3 
and 4. 
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